A new, state space, non-integer order model for the heat transfer process is presented. The proposed model is based on a Feller semigroup one, the derivative with respect to time is expressed by the non-integer order Caputo operator, and the derivative with respect to length is described by the non-integer order Riesz operator. Elementary properties of the state operator are proven and a formula for the step response of the system is also given. The proposed model is applied to the modeling of temperature distribution in a one dimensional plant. Results of experiments show that the proposed model is more accurate than the analogical integer order model in the sense of the MSE cost function.
Introduction
Mathematical models of distributed parameter systems obtained on the basis of partial differential equations can be described in an infinite dimensional state space, usually in a Hilbert space, but a Sobolev space can also be applied. This problem has been analyzed by many authors. Fundamentals were given, for example, by Pazy (1983) or Mitkowski (1991) , and an analysis of a hyperbolic system in Hilbert spaces was presented by Bartecki (2013) . This paper presents also a comprehensive overview of the literature.
The modeling of processes and phenomena hard to describe with the use of other tools is one of the main areas of application of non-integer order calculus. Non-integer models for many physical phenomena were presented by many authors, for example, by Podlubny (1999) , Dzielinski et al. (2010) , Caponetto et al. (2010) , Das (2010) , Obraczka (2014) , Sierociuk et al. (2015) , or Gal and Warma (2016) . Analysis of the anomalous diffusion problem with the use of a fractional order approach and semigroup theory was presented, for example, by properties are discussed. Finally, the proposed model is verified with the use of experimental results.
Preliminaries
We will start the set of elementary ideas with recalling the idea of the gamma Euler function (see, e.g., Kaczorek and Rogowski, 2014) .
Definition 1. The gamma function is given by
The idea of the Mittag-Leffler function should be given next. It is a non-integer order generalization of exponential function e λt and plays a crucial role in solution of the fractional order (FO) state equation. The Mittag-Leffler functions are defined below.
Definition 2. The one parameter Mittag-Leffler function is given by
Definition 3. The two parameter Mittag-Leffler function is given by
For β = 1, the two parameter function (3) turns into the one parameter function (2).
The fractional-order, integro-differential operator can be described by different definitions, given by Grünvald and Letnikov (GL), Riemann and Liouville (RL), and Caputo (C). All these definitions are given below. With respect to particular additional assumptions, these definitions are equivalent. (Caponetto et al., 2010; Ostalczyk, 2012 ) is as follows:
Definition 4. The Grünvald-Letnikov definition of the FO operator
In (4), α j is a generalization of the Newton symbol into real numbers:
where α ∈ R and j ∈ Z, j ≥ 0.
Definition 5. The Riemann-Liouville definition of the FO operator is given by
where N − 1 < α < N denotes the non-integer order of this operation.
Definition 6. (Kaczorek, 2016) The Caputo definition of the FO operator is as follows:
The non-integer order spatial derivative was given by Riesz and has the following form (see, e.g., Yang et al., 2010) .
Definition 7. The Riesz definition of the FO spatial derivative is given by
where
In (8) 
For the RL or C operators, the Laplace transform can be defined as follows (see, e.g., Kaczorek, 2011) . 
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Definition 9. The Laplace transform for the Caputo operator is given by
Consequently, the inverse Laplace transform for a non-integer order function is expressed as follows (see, e.g., Kaczorek and Rogowski, 2014) :
Plant considered and its integer order model
A simplified scheme of the heat plant considered is shown in Fig conduction in the plant is a partial differential equation of the parabolic type with homogeneous Neumann boundary conditions at the ends, the homogeneous initial condition, heat exchange along the length of the rod, and distributed control and observation. This equation was considered, for example, by Oprzedkiewicz (2003; 2005) :
where Q(x, t) denotes the temperature at time instant t and point x, R a and a denote respectively the coefficients of heat conduction and heat exchange, b(x) denotes the heater function (Curtain and Zwart, 1995) , u(t) is an input signal, c(x) is an observation function and y 0 denotes the steady-state gain of the system. The heat equation (15) can be shown as an equivalent abstract initial problem in Hilbert space X = L 2 (0, 1) with the standard scalar product.
This issue was discussed, for example, by Mitkowski (1991) . In our case the abstract form of the heat equation (15) is
The following set of eigenvectors for the state operator A forms an orthonormal basis of the state space:
The discrete spectrum of the state operator for the integer order model A is a set of single, real eigenvalues, which are expressed as follows:
In the state space basis defined by the set of eigenvectors (18), the operators A, B and C have the following matrix representation:
denotes the heater function:
The output operator is written as
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The rows of the output operator C are expressed as follows:
where c sj,i = c, h i , c(x) denotes the output sensor function
Coordinates x From (22) and (25), it turns out that the heater function b(x) and the sensor function c(x) are interval constant functions. Assume that the control function u(t) = 1(t). Then the solution to (16) has the form similar to solution for a single output plant presented, for example, by Oprzedkiewicz (2003) :
The basic features of the discussed parabolic IO system have been analyzed. It can be proved that the state operator A for the considered system is negative, self-adjoint and has a compact inverse operator. For known coefficients a and R a , Eqns. (16)- (25) provide a good description of the real experimental heat object considered. By "truncating" further elements of infinite-dimensional operators A, B and C, we obtain its finite-dimensional approximation, which is a useful tool for numerical modeling of the discussed plant. In this case, the operators A, B and C can be interpreted as matrices. If these parameters are not exactly known, then an interval model can be applied. This problem was presented by Oprzedkiewicz (2003; 2004; 2005) .
It is important to note that the approach using semigroup theory presented above can be extended to non-integer order systems. This problem was discussed, for example, by Popescu (2010) or Szekeres and Izsak (2014) , and this approach will be applied also to the non-integer order case proposed in the next section.
Non-integer order model of the system
The proposed non-integer order model with respect to both time and space coordinates is obtained by replacing the first order time difference and the second order spatial difference by suitable non-integer order differences. This is motivated by the fact that the dynamics of the spatial heat distribution along the heater and the rod and along the rod and the sensor are not exactly described by Eqn. (15) . The non-integer order differentiation is expected to better describe these processes. Similar issues were studied by Baeumer et al. (2005) , Kochubei (2011) or Almeida and Torres (2011) .
Assume that the non-integer order difference with respect to time is described by the Caputo definition (7) and non-integer order difference with respect to length is described by the Riesz definition (8). Then the heat transfer equation turns to the following form:
where α, β > 0 denote non-integer orders of the system and the other parameters are the same as in the IO model (16). An abstract interpretation of the system (27) was presented by Popescu (2010) . Now Eqn. (27) needs to be expressed as a state equation in the Hilbert space analogically to (16). It has the following form:
CQ(t) = c, Q(t) , Bu(t) = bu(t).
(29) The eigenvalues of the state operator are expressed as (see Yang et al., 2010) 
The defined operator A has a discrete spectrum consisting of single eigenvalues λ βi , which are associated with the orthonormal eigenvectors (18) forming a basis in L 2 (0, 1). Next, a spectrum decomposition of the system (29) can be considered. It is presented below:
The form of Eqn. (31) implies the decomposition of the system (29) into subsystems related to the different eigenvalues λ i , i = 0, 1, 2, 3, . . . .
Next, Feller semigroups can be applied (Pazy, 1983; Evans and Jacob, 2007; Popescu, 2010) . The semigroup is defined as follows.
Definition 10. A semigroup is a set S coupled with a binary operation T (T : S × S → S) which is associative. That is, ∀x, y, z ∈ S, T (T (x, y), z) = T (x, T (y, z)).
The uniqueness of the solution reveals the semigroup property, which is given by
The semigroup property (32) of the family of functions, {T (t) : t ≥ 0}, is a composition. Notice that T (0) is the identity operator (I d ). A strongly continuous positive contraction semigroup on C ∞ (S) is called a Feller semigroup on S. We have a differential representation of the operators which have the form of a Feller semigroup. From the results presented by Popescu (2010) , we can conclude that the non-integer order system
where 0 < α < 1, t ≥ 0 and A is the generator of the bounded continuous Feller semigroup T (t) t≥0 in the Hilbert space H β (0, 1). Elementary properties of the parabolic IO system have been analyzed and it can be proved that the state operator A for an integer order system described by (20) is negative, self-adjoint and has the compact inverse operator.
The corresponding theorem for β = 2 is also true. A similar theorem, for β ∈ R, is true under certain initial conditions. This has been considered, e.g., by Gal and Warma (2016) .
The solution of the state equation (28) can be calculated with the use of the Laplace transform for the C operator defined by (13) on the assumption that the initial condition is equal to zero: Q(x, 0) = 0, 0 ≤ x ≤ 1 and the state and control operators are described by (20)- (22).
If we assume that the control signal has the form of the Heaviside function u(t) = 1(t) and apply (14), then we obtain the solution of the state equation (28) in the form
Notice that the proposed non-integer order model described by (27)-(33) for orders α = 1 and β = 2 turns into the integer order model (15)- (26). Next, the non-integer order model described by (28)- (33) is an infinite dimensional model. Its practical application requires from us the use of its finite dimensional approximation. This can be obtained by dropping further nodes in state equation (28) and consequently calculating the solution (33) as a finite sum expressed by (34). Consequently, operators A, B and C are interpreted as matrices,
In (34), N denotes the dimension of the finite dimensional approximation. In a real situation, it can be estimated with the use of simulations. This will be discussed in the next section.
Experimental results
Experiments were done with the use of an experimental heat plant shown in Fig. 1 . A detailed construction of the whole system is shown in Fig. 2 to optimize the MSE (medium square error) cost function (35) for each tested dimension N separately. The proposed model was compared to the integer order model expressed by (15)-(26) . Results are given in Table 1 . The cost function (35) as a function of N for both discussed models is shown in Fig. 4 , and optimal parameters for the integer order model are given in Table 2 , whereas optimal parameters for the non-integer order model are given in Table 3 . The error of the model as a function of time and the length of the rod is shown in Figs. 7 and 8 , the space-time distribution of the temperature calculated with the use of both the considered models is presented in Figs. 5 and 6. We define
where y ej (t) stands for data from the real plant.
From Table 1 and Fig. 4 we can conclude that the proposed non-integer order model is more accurate in the sense of the MSE cost function (35) for each discussed dimension of approximant N . Next, good accuracy is reached for the approximation order N = 15, which gives 
Final conclusions
Finally, we can conclude that the proposed non-integer order, state space model for the one dimensional heat plant can be built via generalization of an integer order, abstract model in the Hilbert space with the use of Feller semigroups. Furthermore, the accuracy of the proposed model in the sense of the MSE cost function is better than that of the analogical integer order model for each dimension of its finite dimensional approximation. The parameters of the proposed model can be estimated with the use of experimental results. Further investigations of the presented problems will cover generalization of the results to cover the uncertainty in parameters as well as formulating and solving spectrum decomposition conditions for the given class of infinite-dimensional, non-integer order systems. 
